Abstract. We study rank 1 flat bundles on solvmanifolds whose cohomologies are non-trivial. By using Hodge theoretical properties for all topologically trivial rank 1 flat bundles, we represent the structure theorem of Kähler solvmanifolds as extensions of Hasegawas result and Benson-Gordons result for nilmanifolds.
Introduction
Let M be a compact manifold and (A * C (M ), d) (resp. (A * R (M ), d)) the C-valued (resp. R-valued) de Rham complex and A * C cl (M ) (resp. A * R cl (M )) the subspace of C-valued (resp. R-valued) closed forms. We denote by F (M ) the set of isomorphism classes of flat C-line bundles E φ = (M × C, d + φ) where M × C is a topologically trivial line bundle and φ ∈ A 1 Ccl (M ). We denote by C(π 1 (M )) the space of characters of π 1 (M ) which can be factored as π 1 (M ) → H 1 (π 1 (M ), Z)/(torsion) → C * .
Then we have 1 − 1 correspondence ι : F (M ) → C(π 1 (M )) such that ι(E φ )(γ) = e γ φ for γ ∈ π 1 (M ). By this, the map A Remark 1. LetJ p (M ) denote the set of the isomorphism classes of (not necessarily topologically trivial) flat C-line bundles over a compact manifold M whose cohomologies are non-trivial. The setJ p (M ) is called the cohomology jump locus of M . The setJ p (M ) was studied by several authors (for examples [4] , [37] , [28] , [29] and [19] ). For solvmanifolds G/Γ, we have J p (G/Γ) =J p (G/Γ) (see Corollary 5.2). Definition 1.1. M has the µ R * -symmetry on cohomologies if for each E φ ∈ F (M ) and t ∈ R * , we have dim H r (M, d + φ) = dim H r (M, d + tReφ + Imφ)
for each r.
If M has the µ R * -symmetry on cohomologies and there exists a non-unitary flat bundle E φ such that H * (M, d + φ) = 0, then J (M ) is a infinite set. Let
Then by isomorphism E φ ⊗ E ϕ ∼ = E φ+ϕ , the A * (M ) is a differential graded algebra.
Definition 1.2. M is hyper-formal if the differential graded algebra A * (M ) is
formal in the sense of Sullivan ([38] ). Definition 1.3. We suppose M admits a symplectic form ω. (M, ω) is hyper-hardLefschetz if for each E φ ∈ F (M ) for the linear map
is an isomorphic for any i ≤ n where dim M = 2n.
Let (M, J) be a compact complex manifold. Consider the double complex (A * , * (M ), ∂,∂) and the Dolbeault cohomology H * , * (M,∂). We also consider the Bott-Chern cohomology H * , * (M, ∂∂) defined by H * , * (M, ∂∂) = ker ∂ ∩ ker∂ im ∂∂ .
We say that a (M, J) admits the strong-Hodge-decomposition if the natural maps
are isomorphisms (see [18] ). This condition is equivalent to the ∂∂-lemma as in [17] (see [3] ) and hence this condition implies the formality in the sense of Sullivan. Let E φ ∈ F (M ) be a unitary flat bundle. Then we have [φ] ∈ √ −1H * (M, R) and hence we can take φ ∈ √ −1A * cl (M ) R . We consider the decomposition d + φ = (∂ + φ 1,0 ) + (∂ + φ 0,1 ) where φ 1,0 and φ 0,1 are (1, 0) and (0, 1) components of φ respectively. Then (A * C (M ),∂ + φ 0,1 ) is considered as the Dolbeault complex with values in a flat holomorphic bundle E φ . For a holomorphic 1-form θ ∈ H 1,0 (M,∂), we consider the differential operator∂ + φ 0,1 + θ on A * C (M ). We denote by H * (M,∂ + φ 0,1 + θ) the cohomology of (A * C (M ),∂ + φ 0,1 + θ). We assume (M, J) admits the strong-Hodgedecomposition. Then we have
. By this for holomorphic 1-forms θ and ϑ, we have the flat bundle E ϑ−θ+θ+θ ∈ F (M ) and the decomposition
of differential operators. Moreover each element in F (M ) can be written as E ϑ−θ+θ+θ . We denote by
Definition 1.4. Let (M, J) be a compact complex manifold admitting the strongHodge-decomposition.
• (M, J) satisfies the hyper-strong-Hodge-decomposition if for each holomorphic 1-forms θ and ϑ the natural maps
We have the following relations like [17] .
Proposition 1.5. Let (M, J) be a compact complex manifold admitting the strongHodge-decomposition. Then if (M, J) satisfies hyper-strong-Hodge-decomposition, M has the µ R * -symmetry on cohomologies and M is hyper-formal.
In case (M, J) admits a Kähler structure, for holomorphic 1-forms θ and ϑ, the pair (E ϑ−θ , θ) is considered as a Higgs bundle in Simpson's sense [36] . By using the harmonic metric on Higgs bundle, we can show the Kähler identiry (see [36, Section 2] ). As similar to the proof of ordinary strong-Hodge-decomposition (see [18] ), we have: In this paper, we study the above properties on solvmanifolds. Theorem 1.7. Let M be a 2n-dimensional solvmanifold. Then the following conditions are equivalent (1) M admits a complex structure J and (M, J) admits strong-Hodge-decomposition and hyper-strong-Hodge-decomposition.
is even, M has the µ R * -symmetry on cohomologies and M is hyper-formal. (3) M has the µ R * -symmetry on cohomologies, M admits a symplectic form ω and
) is semi-simple and for any x ∈ R 2k the all eigenvalues of φ(x) are unitary. Remark 2. In [21] , Hasegawa showed that formal nilmanifolds are tori and in particular nilmanifolds admitting strong-Hodge-decomposition are tori. In [8] , BensonGordon showed that hard-Lefschetz symplectic nilmanifolds are tori. These results give the structure theorem for Kähler nilmanifolds. Theorem 1.7 can be regarded as extensions of Hasegawas result and Benson-Gordons result for nilmanifolds.
Remark 3. Equivalence of (4) and (5) in Theorem 1.7 were already proved by Hasegawa in [21] by using Arapura-Nori's results in [5] . But it is not clear to consider the result in [21] as extensions of Hasegawas result and Benson-Gordons result for nilmanifolds.
Remark 4. Arapura-Nori's results in [5] follows from Arapura's ealier work in [4] . The proof of Theorem 1.7 is similar to the Arapura's idea in [4] . But the proof of Theorem 1.7 is independent of [4] . We suggest new probem for non-Kähler geometry. 2. Hyper-strong-Hodge-decomposition and µ R * -symmetry on cohomologies
Then the cohomology H * M,∂ + φ 0,1 + θ is the total cohomology of the double complex A * , * (M ),∂ + φ 0,1 , θ . Consider the spectral sequence E * , * * of the double complex A * , * (M ),∂ + φ 0,1 , θ . Then as [11] or [13] , we have
where for r ≥ 2,
For t ∈ C * , we also consider the spectral sequence E * , * * (t) of the double complex (A * , *
r . By these relations we have X p,q r = X 
. Since the spectral sequences E * , * * and E * , * * (t) converge to the cohomologies H * M,∂ + φ 0,1 + θ and H * M,∂ + φ 0,1 + tθ respectively, we have the lemma follows. Proof. By the definition of hyper-strong-Hodge-decomposition, for each 1-forms θ and ϑ, we have an isomorphism
and we can easily check that the inclusion
Then since the map
is isomorphism, each cohomology class in H * M, ∂ − ϑ +θ is represented by (∂ − ϑ + θ)-closed element and hence we have
and we can easily check that the map
Hence the µ R * -symmetry on cohomologies holds. We prove hyper-formality by similar idea in [28] . The direct sum
We have the differntial graded algebra quasi-isomorphisms
and
Hence A * (M ) is formal.
Algebraic hulls
We review the algebraic hulls. 
We denote U G = U(H G ) and call U G the unipotent hull of G. In [23] or [24] , the author showed: Proposition 3.2. Let G be a simply connected solvable Lie group. Then U G is abelian if and only if G = R n ⋉ ϕ R m such that the action ϕ :
In this paper we show:
Proof. For a simply connected solvable Lie group G which contains Γ as a lattice. Consider the algebraic hulls H G and H Γ . Then we have H Γ ⊂ H G and U G = U Γ (see [31, Proof of Theorem 4.34]). Let N be a nilpotent subgroup in H G . Then we have the direct product N = N s × N u where N s (resp. N u ) is the set of semi-simple (resp. unipotent) part of the Jordan decompositions of elements of N (see [35] ).
Since N s is contained in a algebraic torus and N u ⊂ U G (see [10, Theorem 10.6] ), N = N s × N u is abelian. Hence any nilpotent subgroup in Γ or G is abelian.
As [27] , we have a normal nilpotent subgroup ∆ in Γ such that [Γ, Γ] is a finite index subgroup in ∆ and Γ/∆ is free abelian. By the above argument, ∆ is abelian. Hence for n = dim H 1 (M, R), we have
n ⊗R, we have a homomorphism q : C/C∩(∆⊗R) → C ⊂ G such that p • q = id and hence we have a splitting G = Z n ⊗ R ⋉ ϕ ∆ ⊗ R. By Proposition 3.2, ϕ is semi-simple. Hence the proposition follows.
Cohomology of solvmanifolds
Let G be a simply connected solvable Lie group with a lattice Γ and g the Lie algebra of G. Let N be the nilradical (i.e. maximal connected nilpotent normal subgroup) of G. Then N ∩ Γ is a lattice in N and Γ/(Γ ∩ N ) is a lattice in G/N . We consider the cochain complex g * C with the derivation d which is the dual to the Lie bracket of g.
Let C(G, N ) = {α ∈ Hom(G, C * )|α |N = 1} and C(G, N, Γ) the set of characters of Γ given by the restrictions of α ∈ C(G, N, Γ). Since Γ/(Γ ∩ N ) is a lattice in G/N , the set C(G, N, Γ) of identified with Hom(Γ/(Γ ∩ N ), C * ). For α ∈ C(G, N ), for a 1-dimensional vector space V α with G-action via α, we consider the cochain complex g *
We consider g * C ⊗ V α as the space of α-twisted left-invarinat differential forms with values in the flat bundle E α −1 dα . We have the inclusion
We consider the direct sum
is not injective but this map gives the 1 − 1 correspondense C(G, N, Γ) → F (G/Γ, N ). We also consider the direct sum
Then we have the inclusion 
Take a simply connected nilpotent subgroup C ⊂ G such that G = C · N as [15, Proposition 3.3]. Since C is nilpotent, the map
is a homomorphism where (Ad c ) s is the semi-simple part of the Jordan decomposition of (Ad c ). We denote by
the subcomplex consisting of the Φ(C)-invariant elements.
Lemma 4.2. ([26, Lemma 5.2]) The inclusion
We have a basis X 1 , . . . , X n of g C such that (Ad c ) s = diag(α 1 (c), . . . , α n (c)) for c ∈ C. Let x 1 , . . . , x n be the basis of g * C which is dual to X 1 , . . . , X n . Let v α be a basis of V α for each character α ∈ C(G, N ). By G = C ·N , we have G/N = C/C ∩N and hence we have C(G, N ) = {α ∈ Hom(C, C * )|α |C∩N = 1}. We have
Hence we have:
The inclusion
induces a cohomology isomorphism.
I dαI = E φ where for a multi-index I = {i 1 , . . . , i p } ⊂ {1, . . . , n} we write x I = x i1 ∧· · ·∧x ip and
J (M ) on solvmanifolds
Let M be a compact manifold. We consider the sets
If M is an aspherical manifold with π 1 (M ) ∼ = Γ, then we can identified J p (M ) with the set J p (Γ) = {α ∈ C(Γ)|H p (Γ, V α ) = 0} where H * (Γ, V α ) is the group cohomology with values in the module V α given by α. We also consider the set J p (Γ) = {α ∈ Hom(Γ, C * )|H p (Γ, V α ) = 0} which is identified with the setJ p (M ) on a aspherical manifold as in Remark 1.
Lemma 5.1 ([29]
). Let Γ be a torsion-free finitely generated nilpotent group. Then we haveJ (Γ) = pJ p (Γ) = {1 Γ } where 1 Γ is the trivial character of Γ.
Let G be a simply connected solvable Lie group with a lattice Γ and g the Lie algebra of G. Then the solvmanifold G/Γ is an aspherical manifold with π 1 (G/Γ) ∼ = Γ. We have:
Hence, we havȇ
Proof. Consider the character α ∈J p (Γ) which corresponds to E φ ∈J p (G/Γ). If the restriction α |Γ∩N is non-trivial, then considering the Hochshild-Serre spectral sequence E * , * * , by Lemma 5.1 we have E p,q
and hence we have H * (G/Γ, E φ ) = H * (Γ, V α ) = 0 since the Hochshild-Serre spectral sequence converges to H * (Γ, V α ). Hence the restriction α |Γ∩N is trivial and α induces a character on Γ/Γ ∩ N . Since Γ/Γ ∩ N is a lattice in the abelian Lie group G/N , we can extend α to a character of G whose restriction on N is trivial. Hence we can say E φ ∈ F (G/Γ, N ). Now we use the same setting as in Section 4. By Corollary 5.2, the inclusion
induces a cohomology isomorphism and hence considering the inclusions
we have:
induces a cohomology isomorphism. 
We have a differential graded algebra isomorphism
where u is the Lie algebra of the unipotent hull U G of G as Section 3 (see [26, Remark 4.] and [24] ). By Theorem 5.3, we have:
Corollary 5.5. We have a quasi-isomorphism
and hence u * is the Sullivan minimal model of A * (G/Γ).
In [21] , Hasegawa proved that for a nilpotent Lie algebra n, the differential graded algebra n * is formal if and only if n is abelian. Hence we have: 
is an isomorphism if and only if n is abelian. Hence we have:
Corollary 5.7. Suppose a solvmanifold (G/Γ, ω) admits a symplectic structure ω. Then (G/Γ, ω) is hyper-hard-Lefschetz if and only if the unipotent hull U G is abelian.
We have the action of C on the differential graded algebra u
Consider the induced action of C on the cohomology H * (u). We take the weight decomposition H p (u) = V p µj of this C-action. Then we have.
Proof. Consider the C-action
of this action. Then we have
We have
where A * φ is as in Theorem 5.3. By Theorem 5.3, we have
Corollary 5.9. J (G/Γ) is a finite set.
Proposition 5.10. Suppose that one of the characters α 1 , . . . , α n is non-unitary. Then for a solvmanifold G/Γ, there exists a non-unitary flat bundle
Proof. By Theorem 5.8, it is sufficient to prove that there exists a non-unitary weight µ j of the above action of C on the cohomology H 1 (u) such that V p µj = 0. This follows from the following lemma. Proof. We will show inductively on nilpotency s of u (i.e. s is the number such that C s−1 u = 0 and C s u = 0 where C i u is the i-th term of the lower central series of u.) In case s = 1, since H 1 (u) = ker(d | 1 u * ) = u * , there is nothing to prove. We assume that the statement holds in the case s ≤ n and u has nilpotency n + 1. Then we have the decomposition
By the assumption of A, there exists a non-unitary eigenvalue of A * on (C n u) * or (u/C n u) * . If there exists a non-unitary eigenvalue of A * on (u/C n u) * , then by the induction assumption, we can prove the statement. If there exists a non-unitary eigenvalue of A * on (C n u) * , then by
and hence we have a non-unitary eigenvalue of A * on (u/C n u) * . Hence the lemma follows.
Theorem 5.12. Let G/Γ be a solvmanifold. G/Γ has the µ R * -symmetry on cohomologies if and only if the characters α 1 , . . . , α n are all unitary characters.
Proof. Suppose that G/Γ has the µ R * -symmetry on cohomologies. By Proposition 5.10, if one of the characters α 1 , . . . , α n is non-unitary, then by Proposition 5.10 there exists a non-unitary flat bundle E φ ∈ F (M ) such that
We have {µ t (E φ ) = E tReφ+Imφ |t ∈ R * } ⊂ J (G/Γ) and hence J (G/Γ) is a infinite set. But since J (G/Γ) is a finite set by Corollary 5.9, the characters α 1 , . . . , α n are all unitary characters.
Suppose that the characters α 1 , . . . , α n are all unitary characters. Then by Proposition 5.4, J (G/Γ) consists of unitary flat bundles. Since any unitary flat bundle is fixed by the R * -action via µ, G/Γ has the µ R * -symmetry on cohomologies.
6. Proof of Theorem 1.7
Proof.
(1)⇒(2) follows from Proposition 2.2. We prove (2)⇒(4). Write M = G/Γ. By Corollary 5.6, the unipotent hull U G = U Γ is abelian. By Proposition 3.3, we can write G = R 2k ⋉ ϕ R 2l such that the actiona ϕ : R 2k → Aut(R 2l ) is semi-simple. By using Theorem 5.12, we can easily check that all eigencharacters of φ are unitary. Hence (2)⇒(4) follows.
Noting that the dimensions of cohomologies of odd degree of hard Lefschetz symplectic manifolds are even (see [9] ), as similar to the proof of (2)⇒(4), we can prove (3)⇒(4) by Corollary 5.7.
We prove (4) Let g be a Lie algebra with a complex structure J. We consider the differential bi-graded algebra * , * g C with the differential∂. Let θ ∈ H 1,0 ( * , * g C ,∂) = ker∂ | 1,0 g C such that θ = 0. We consider the cohomology H * ( g C ,∂ + θ) which is the total cohomology of the double complex ( * , * g C , θ,∂). Then we have the spectral sequence E * , * * of the double complex ( * , * g C , θ,∂) such that the first term E * , * 1 is the cohomology of ( * , * g C , θ) and E * , * * converges to H * ( g C ,∂ + θ). By simple computation, we have E * , * 1 = 0 and hence we have H * ( g C ,∂ + θ) = 0. Let G be a simply connected nilotent Lie group with a lattice Γ and left-invariant complex structure J. Let g be the Lie algebra of G Suppose that one of the following conditions holds:
• (G, J) is a complex Lie group;
• J is an Abelian complex structure;
• J is a nilpotent complex structure;
• J is a rational complex structure;
• g admits a torus-bundle series compatible with J and with the rational structure induced by Γ.
the bi-graded cochain complex A * , * (G/Γ),∂ + φ 0,1 as the the Dolbeault complex with values in a holomorphic flat bundle E φ . We consider the direct sum Then by the wedge products and the tensor products, this direct sum is a differential bigraded algebra. 
Examples
Let G = C ⋉ φ C 2 such that φ(z 1 ) = e
